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We propose a tune-free scheme to realize Kramers pairs of Majorana bound states in recently discovered
higher-order topological insulators (HOTIs). We show that, by bringing two hinges of a HOTI into the proximity
of an s-wave superconductor, the competition between local and crossed Andreev pairing leads to the formation
of Majorana Kramers pairs, when the latter pairing dominates over the former. We demonstrate that such
a topological superconductivity is stabilized by moderate electron-electron interactions. The proposed setup
avoids the application of a magnetic field or local voltage gates, and requires weaker interactions compared with
nonhelical nanowires.
Majorana bound states (MBSs), with topological quan-
tum computation prospects, have gained much attention re-
cently [1–31]. However, the prototypical realizations based on
proximity-induced superconductivity and either semiconduct-
ing nanowires with strong spin-orbit interactions [32–44], or
topological insulators (TIs) [45, 46] require an external mag-
netic field, detrimental to superconductivity and MBSs them-
selves. It might also be noted that buried Dirac points are
common in two-/three-dimensional TIs (2DTIs/3DTIs) [47–
51], impeding the realization of MBSs in TI-superconductor
heterostructures using magnetic fields [47].
Platforms without magnetic fields are therefore searched
for [52–58], examples including helical spin textures [59–
66] and crossed Andreev pairings in double nanowires or
2DTI edge channels [67–73]. In the former, the spin texture
arises through indirect couplingmediated by itinerant carriers.
The superconducting gap reduces it, leading to a tradeoff be-
tween the operation temperature (set by the indirect coupling)
and the MBS localization length (set by the superconducting
gap). On the other hand, the latter setup requires fine-tuned
chemical potentials in two isolated one-dimensional channels.
These difficulties motivate us to seek a new scheme to avoid
fine-tuning.
Here we propose such a scheme, exploiting the recently dis-
covered higher-order topological insulators (HOTIs) [74–82].
Specifically, we focus on 3D helical second-order TIs. In con-
trast to the gapless surface states in their first-order counter-
parts [6, 7, 83–86], these HOTIs host helical hinge states, in
which opposite spins move in opposite directions, akin to the
spin-momentum locked edge channels in 2DTIs [87–93]. Im-
portant for us, these hinges form one-dimensional channels
of identical chemical potentials. There is compelling exper-
imental evidence for the topological hinge states in Bi(111)
nanowires and bilayers [80, 94, 95].
Our scheme exploits s-wave superconductivity-
proximitized helical hinges of a HOTI. Two types of
pairings arise, a local (standard) and a nonlocal (crossed
Andreev) one. We first demonstrate that Majorana Kramers
pairs (MKPs) emerge when the crossed Andreev pairing
dominates. This regime, however, does not arise in a non-
interacting system. Nevertheless, we show that rather weak
electron-electron interactions are sufficient to push the system
into a regime where the crossed Andreev pairing dominates.
We therefore predict that MKPs typically appear at the ends
of a HOTI nanowire.
To elucidate an essential feature, consider that two parallel
hinges of a helical HOTI are in contact with an s-wave super-
conductor. Cooper pairs can tunnel into the hinges through
two processes. The local (nonlocal) pairing process corre-
sponds to the two partners of a Cooper pair tunneling into
the same (different) hinge(s). We denote the configuration
as parahelical (orthohelical), when the helicities of the two
hinges are the same (opposite). For example, in the parahe-
lical setup spin-down electrons in the two hinges propagate
in the same direction, whereas in the orthohelical setup they
move in opposite directions. The momentum conservation
imposes selection rules: the chemical potentials of the two
hinges have to be the same (opposite) for the parahelical (or-
thohelical) setup [68] to allow for a crossed Andreev pairing.
Since the conducting hinges of a HOTI are all connected, their
chemical potentials are identical without applying local volt-
age gates, a substantial advantage.
Setup. As a concrete example, we consider the recently
discovered HOTI material, a bismuth crystal grown along the
(111) axis,1 which hosts helical hinge states [80], as drawn
in Fig. 1. Since the helicities of any two parallel hinges on
the same lateral facet are opposite, the orthohelical setup is
realized when a superconductor covers one lateral facet with
two parallel hinges. In this case, crossed Andreev pairing is
not feasible.
However, when the superconductor extends over two lateral
facets (see the right panel of Fig. 1), it is in contact with three
1 Even though bismuth is a bulk semimetal, the topologically trivial bulk
states can be gapped by, e.g., superconductivity, disorder or finite-size ef-
fects [80, 82, 91, 93, 95]. Further, while we take Bi(111) nanowires as
an example, our setup can be implemented also in other recently predicted
helical HOTI materials, such as SnTe, Bi2TeI, BiSe, and BiTe [76].
2FIG. 1. Left: In a Bi(111) nanowire (green), the gapless states (blue
arrows) propagate along the hinges. The spin-up (-down) hinge states
move against (along) the directions of the arrows. The helicities of
any two parallel hinge states [along z ≡ (111) axis] on a single lat-
eral facet are opposite. Right: In the proposed setup, a superconduct-
ing layer (yellow) covers three parallel hinges (labeled by 1, 2, and
3). The (1,2) pair carries the same helicity, allowing for the crossed
Andreev pairing. For other pairs, [(1,3) and (2,3)], such pairing is
suppressed. The x axis of the local coordinate is defined along the
perimeter of the hexagonal cross section, and the y axis (not shown)
is normal to the lateral facets.
parallel hinges along z ≡ (111) axis. Two of them (labeled by
1 and 2) carry the same helicity while the third one (labeled by
3) the opposite. The momentum selection rules, together with
uniform chemical potential (assumed to be in the bulk gap and
not very close to the Dirac point) allow a crossed Andreev
pairing between the hinges 1 and 2 and forbid it between the
orthohelical hinges [(1,3) and (2,3) pairs], see Fig. 2. As a
result, the hinge 3 decouples from the remaining two and the
parahelical setup is realized in the hinges 1 and 2 [96].
Model. From now on we restrict ourselves to the two cou-
pled hinges.2 We model them using the fields
ψn(r) = Rn,↓(r)eikF r + Ln,↑(r)e−ikF r, (1)
with the coordinate r along the hinge, the hinge index n ∈
{1, 2}, the Fermi wave number kF , and the slowly vary-
ing right- and left-moving fields Rn,↓ and Ln,↑, respectively.
Whenever possible, we suppress the coordinate r and the
spin index, the latter fixed by the spin-momentum locking.
In a noninteracting system, the effective Hamiltonian reads
H = H0 +Hintra +Hc. The kinetic energy term is
H0 = −i~vF
∑
n=1,2
∫
dr
(
R†n∂rRn − L†n∂rLn
)
, (2)
with the Fermi velocity vF . The local pairing term is
Hintra =
∑
n=1,2
∫
dr
[∆n
2
(R†nL
†
n − L†nR†n) + H.c.
]
, (3)
2 We consider a clean system with identical Fermi wave numbers for the
two identical hinges. However, our results are robust against weak disor-
der [96].
FIG. 2. Schematics of the parahelical setup in the xz plane of the
local coordinate (view from the +y direction) with the hinge coor-
dinate r. A superconductor (yellow) covers three long hinges (along
the z direction), and several short hinges (along the x direction). In
hinges 1 and 2, which are at distance d, the spin-up states propagate
toward the−r direction (red solid arrows) while the spin-down states
toward +r (blue solid arrows). Hinge 3 is decoupled from the oth-
ers. The local (∆1,2) and crossed Andreev (∆c) pairing processes
are indicated by the dotted and dashed arrows, respectively. Since
the short segments along the x direction are not aligned in the lab-
oratory frame, ∆c is suppressed if r /∈ [0, L], while ∆1,2 remains
constant for any r, including in the short segments. As a result, the
boundaries (black dashed lines) are created at r = 0 and r = L (the
ends of the nanowire), which are assumed to be far apart on the scale
of the Majorana localization length. For clarity, only one crossed
Andreev pairing process, ∆cR
†
1,↓L
†
2,↑, is depicted.
with the pairing gap ∆n in the hinge n. Finally, the crossed
Andreev pairing term is
Hc =
∫
dr
[
∆c
2
(R†1L
†
2 − L†2R†1) + (1↔ 2)
]
+H.c., (4)
with the pairing gap ∆c. For simplicity, we take a spatially
uniform real local pairing gap∆n > 0. On the other hand, the
crossed Andreev pairing gap∆c changes its (real) value from
finite (r ∈ [0, L]) to zero (r /∈ [0, L]), creating two boundaries
at r = 0 and r = L, as indicated in Fig. 2. Assuming the
hinge length L being sufficiently long, we focus only on the
boundary at r = 0 and demonstrate the existence of a MKP
localized there.
Majorana Kramers pairs. We first identify the crite-
rion for MKPs in a noninteracting system. The single-
particle Hamiltonian, see Eqs. (2)–(4), can be written in
the basis Ψ = (R1, L1, R2, L2, R
†
1, L
†
1, R
†
2, L
†
2)
T as H =
1
2
∫
dr Ψ†(r)H(r)Ψ(r), with the Hamiltonian density
H(r) =− i~vF η0τ0σz∂r −∆+ηyτ0σy
−∆−ηyτzσy −∆cηyτxσy , (5)
with ∆± = (∆1 ± ∆2)/2. In the above, the matrices ηµ,
τµ, and σµ act on the particle-hole, hinge, and spin space, re-
spectively. They are given by the Pauli (identity) matrix for
µ = x, y, z (µ = 0). The bulk spectrum is two-fold degen-
erate due to the time-reversal symmetry (TRS), with a gap
3denoted as ∆b. The reversal of the sign of ∆b, which can be
shown to coincide with the sign of (∆1∆2 − ∆2c), indicates
the band inversion and suggests the presence of zero-energy
MBSs at a boundary.
By directly solving the Bogoliubov–de Gennes equation of
Eq. (5) at zero energy [65, 97], one can show that such bound
states are indeed present [96]. With this procedure, we find
that a MKP at r = 0 (and another pair at r = L) emerges if
and only if
∆2c > ∆1∆2. (6)
Because of its topological origin, the MKP appears and dis-
appears wherever ∆b reverses its sign even in setups with
different model details, for example, a less abrupt change of
∆c. Similarly, additional second-order (co-)tunneling pro-
cesses [68, 72, 98] not included here do not affect the topo-
logical criterion as long as the local pairing gaps ∆n are of
similar strengths [96]. We therefore conclude that the crite-
rion for MKPs is the crossed Andreev pairing to be dominant
over the local pairing, as described by Eq. (6). In noninter-
acting systems, however, Eq. (6) cannot be fulfilled [98]. In-
cluding electron-electron interactions is thus essential for our
scheme. Below we demonstrate that even moderate interac-
tions can drive the system into the topological superconduct-
ing phase hosting MKPs.
Interacting system. To begin, we note that since our setup
respects TRS, the elastic backscattering is precluded in the he-
lical channels (unless the TRS is broken, for example, by nu-
clear spins [99, 100]). We therefore include only the forward
scattering processes into the interactionHint and bosonize the
total hinge Hamiltonian Hel = H0 + Hint. This procedure
leads to two copies of the helical Tomonaga-Luttinger liquid,
Hel =
∑
n=1,2
∫
~dr
2π
{
unKn [∂rθn(r)]
2
+
un
Kn
[∂rφn(r)]
2
}
,
(7)
with the interaction parameter Kn for the hinge n and the
modified velocity un = vF /Kn. Using standard bosonic
fields θn and φn for helical channels [99, 100], the local pair-
ing term reads
Hintra =
∑
n=1,2
∆n
πa
∫
dr cos[2θn(r)], (8)
where a is the short-distance cutoff, taken to be the transverse
decay length of the hinge states. The crossed Andreev pairing
term is
Hc =
2∆c
πa
∫
dr cos[θ1(r) + θ2(r)] cos[φ1(r) − φ2(r)].
(9)
Above certain interaction strength, the crossed Andreev
pairing dominates and the topological criterion [see Eq. (6)] is
satisfied. To show this, we derive the renormalization-group
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FIG. 3. RG flow diagram. We take the parameters K1(0) =
K2(0) = 0.2, 0.4, 0.6, and 0.8, ∆˜1(0) = ∆˜2(0) = 3∆˜c(0) = 0.03,
a(0) = 5 nm, and L = 1 µm. The crossed Andreev (local) pairing
gap ∆c (∆1 = ∆2) is plotted in blue solid (red dashed) curves.
The blue dots (labeled by I–IV) mark the initial points of ∆c, and
the green arrows and points specify where the RG flows stop. The
RG flows labeled by II and III stop at the points at which the renor-
malized crossed Andreev pairing dominates over the local pairing
(∆c > ∆1), indicating topological superconducting phase.
(RG) flow equations [96] following standard procedure [101].
To simplify the analysis, we introduce the dimensionless cou-
pling constants,
∆˜n(l) =
∆n(l)a(l)
~un
, ∆˜c(l) =
∆c(l)a(l)
~
√
u1u2
, (10)
with l ≡ ln[a(l)/a(0)]. For given initial parameters (at l = 0),
we numerically propagate the RG flow equations. We stop the
RG flow whenever any of the dimensionless coupling con-
stants becomes unity. At these points we obtain the renormal-
ized gaps and evaluate the criterion for the MKP existence.
An example of the RG flow is in Fig. 3, showing how the
pairing gaps evolve for several starting values. The repulsive
interaction tends to reduce both types of the pairing. Impor-
tantly, due to the local nature of the Coulomb interaction, the
suppression is stronger for the local pairing (red dashed curve)
than for the crossed Andreev pairing (blue solid curve): the re-
pulsive interaction favors the nonlocal pairing. Consequently,
even if in their initial values the local pairing dominates over
the crossed Andreev pairing [we take ∆˜c(0)/∆˜1(0) = 1/3 in
Fig. 3], a sufficiently strong interaction can reverse this rela-
tion.
To prove that Eq. (6) with the renormalized pairing gaps is
the correct criterion, we note that the end points of the RG
flows (green arrows) are adiabatically connected to the nonin-
teracting limit without closing the bulk gap. Here, the model
can be refermionized into Eq. (5) with renormalized pairing
gaps [102]. The refermionized model can be used to justify
the existence of MKPs and allows us to estimate their local-
ization length. It is typically around 20 nm and much shorter
than the hinge length L ∼ 1 µm [96]. We thus conclude that
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FIG. 4. Phase diagram. The vertical and horizontal axes label the ini-
tial values of the gap ratio [∆1(0)/∆c(0)] and interaction parameter
K1(0) = K2(0), respectively. The other parameters are the same
as those in Fig. 3. The green (yellow) region marks the phase with
(without) MKPs. The corresponding RG flows to the blue dots (la-
beled by I–IV) are shown in Fig. 3. In the red region, both types of
the pairing gaps vanish.
sufficiently strong electron-electron interactions can stabilize
well isolated MKPs.
Phase diagram. To investigate the stability of the MKPs in
the parameter space, we repeat the above numerical procedure
for K1(0) ∈ [0, 1] and ∆1(0)/∆c(0) ∈ [1, 7], see Fig. 4. In
the phase diagram, the green (yellow) color stands for the re-
gion in whichMKPs are present (absent). If the system is non-
interacting, the MKPs are absent, consistent with Ref. [98].
For ∆1(0)/∆c(0) ? 1, a rather weak interaction Kn(0) > 1
can stabilize the MKPs. The larger ∆1(0)/∆c(0) is, the
stronger interaction is required to reverse the gap strengths. A
very strong interaction [red region;K1(0) < 2−
√
3 ≈ 0.27]
destroys both types of the pairing gaps. Further, we estimate
the initial values K1(0) > 0.6 [103] and ∆1(0)/∆c(0) =
O(1) [96], and find that they are compatible with the MKP
regime in Fig. 4.
In comparison with nonhelical nanowires [73], our setup
requires weaker interactions to induce MKPs. The difference
between nonhelical and helical channels can be understood as
follows. The effects of electron-electron interactions in non-
helical channels are “averaged” over charge and (noninteract-
ing) spin sectors, and thus weakened as compared to helical
channels. This quantitative difference indicates the advantage
of helical channels, making HOTIs a promising platform for
topological superconductivity without the need of magnetic
fields.
We perform the same RG analysis in the standard but more
involved source-term approach [73, 104], in which one incor-
porates explicitly the inter-hinge separation d and coherence
length ξs of the superconductor, instead of relying on knowing
the initial values of∆1(0) and∆c(0) in the effective Hamilto-
nian. This analysis gives essentially the same phase diagram
as in Fig. 4; see Ref. [96]. For the parameters of bismuth
hinges [80, 93, 105], we find that moderate interactions can
render a dominant crossed Andreev pairing for d ∼ 100 nm
and ξs ∼ 1 µm. With these quantitative examinations [96],
we conclude that our setup is accessible in realistic samples.
Discussion. Our work indicates that generally MKPs can
be supported at the ends of a HOTI nanowire proximity cou-
pled to a superconductor without fine-tuning. We remark that
the hinge states are known to survive even when spatial sym-
metries are broken by weak local perturbations due to dis-
order, as long as the TRS is preserved [80]. As a conse-
quence, the MKPs proposed in this work are robust against
TRS-preserving disorder. It is also worth pointing out that, in
addition to the MKPs, our setup can work as a Cooper pair
splitter—a source of spatially separated spin-entangled elec-
tron pairs [106–118]. Finally, we remark that detection of
MKPs with the parity-controlled 2π Josephson effect, which
gives distinct signatures from unpaired MBSs [119], and
braiding-based [120, 121] or measurement-based [122] quan-
tum computation schemes utilizing MKPs have been widely
discussed in the literature. Compared to setups without TRS,
since here the MKPs require no magnetic fields, they are pro-
tected by a larger superconducting gap, leading to shorter lo-
calization length and longer coherence time [72, 122]. Our
setup provides building blocks for the measurement-based
structures proposed in Refs. [123–125], which offers a route to
scalable architectures for topological quantum computation.
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I. Pairing processes and decoupling of the third hinge
In this Section we discuss the pairing processes
within/between the three helical hinges, and show that
the third, middle parallel, hinge is trivially gapped and
decoupled from the other hinges (1 and 2). We describe the
three hinge states by the fields,
ψn(r) =ψn,↓(r) + ψn,↑(r) for n ∈ {1, 2, 3}, (S1a)
ψn,↑(r) =Ln,↑(r)e−ikF r for n ∈ {1, 2}, (S1b)
ψn,↓(r) =Rn,↓(r)eikF r for n ∈ {1, 2}, (S1c)
ψ3,↑(r) =R3,↑(r)eikF r, (S1d)
ψ3,↓(r) =L3,↓(r)e−ikF r, (S1e)
with the coordinate r along the hinge, the Fermi wave num-
ber kF , and the slowly varying right- and left-moving fields
Rn,σ and Ln,σ (the spin index σ ∈ {↑, ↓}), respectively. A
Bardeen–Cooper–Schrieffer (BCS) type pairing term between
the hinges n and n′ is in the form of
∝ [ψ†n,↓(−k)ψ†n′,↑(k) + H.c.], (S2)
with the momentum k, which puts constraints on the momenta
and spins of the allowed pairs. Namely, for the electrons to be
paired, they must possess zero total momentum and opposite
spins. The pairing processes within/between the three helical
hinges are sketched in Fig. S1. The local pairing terms (n =
n′) for hinges 1 and 2 are given by Eq. (3) in the main text,
and, for hinge 3, it is given by
H3 =
∫
dr
[∆3
2
(R†3,↑L
†
3,↓ − L†3,↓R†3,↑) + H.c.
]
, (S3)
with the local pairing gap ∆3. These terms are indicated by
the black dotted arrows in Fig. S1.
On the other hand, the nonlocal (crossed Andreev) pairing
term (n 6= n′) requires more caution. Due to the identical
L1, L2,
R3,
R1, R2,
L3,
hinge 1 hinge 2
hinge 3
D1
D2
D3
Dc
Dc
FIG. S1. Schematics of the pairing processes in momentum space.
The hinges 1 and 2 carry the same helicity (a given spin state in
both of the hinges move in the same direction) while the hinge 3
has the opposite helicity. The local pairing (black dotted arrows,
∆n) occurs within the hinges. The crossed Andreev pairing (green
dashed arrows, ∆c) is allowed only between the hinges 1 and 2, and
forbidden between the other pairs due to the momentum mismatch.
chemical potential of the hinges, the pairing between the para-
helical hinges (1 and 2) is allowed, which is described by the
green dashed arrows in Fig. S1 [see Eq. (4) in the main text],
whereas the corresponding terms between the hinges 3 and
n ∈ {1, 2} are given by
∫
dr
{(
R†n,↓R
†
3,↑e
−2ikF r + L†3,↓L
†
n,↑e
2ikF r
)
+H.c.
}
.
(S4)
The integral in Eq. (S4) contains a fast oscillating integrand,
and vanishes for kFL ≫ 1. As a result, the crossed Andreev
pairing between the third hinge and the others is suppressed
due to the momentum mismatch, so we can describe the two
subsystems separately. To be specific, we describe the whole
system of the three hinges by the total Hamiltonian, Htot =
2H +H3, which is block-diagonalized into two parts,
H =
1
2
∫
dr Ψ†(r)H(r)Ψ(r), (S5a)
H3 =
1
2
∫
dr Ψ†3(r)H3(r)Ψ3(r), (S5b)
with the basis
Ψ =(R1,↓, L1,↑, R2,↓, L2,↑, R
†
1,↓, L
†
1,↑, R
†
2,↓, L
†
2,↑)
T,
(S6a)
Ψ3 =(R3,↑, L3,↓, R
†
3,↑, L
†
3,↓)
T. (S6b)
The Hamiltonian densityH in the subspace of hinges 1 and 2
is given in Eq. (5) in the main text. In the subspace of hinge
3, we have
H3(r) = −i~vF η0σz∂r −∆3ηyσy, (S7)
so the third hinge is trivially gapped by the local pairing, and
decoupled from the others. This allows us to focus on the two
hinges that are parahelical to each other. We therefore present
an effective modelH for the two parahelical hinges of interest
(1 and 2) in the main text.
In the above, we take the same Fermi wave number for
the parahelical hinges 1 and 2 based on the following con-
siderations. First, the chemical potential is uniform along
the hinges, since they are all connected. Second, the bis-
muth crystal structure respects the three-fold rotational sym-
metry around the (111) axis [S1]. The two parahelical hinges,
which are related to each other by such a rotation, are there-
fore characterized by the same energy band, as implied by the
C3 rotational symmetry of the underlying crystal structure;
see Ref. [S1] for the degenerate hinge-state energy bands cal-
culated from their tight-binding model.
Local disorder may, however, alter the energy bands of
the hinge states, and therefore modify the Fermi wave num-
bers. As a result, a difference between the Fermi wave num-
bers of the two hinges will reduce the crossed Andreev pair-
ing. Such an effect can be straightforwardly incorporated in
our model, by starting with a larger ratio of ∆1/∆c in the
renormalization-group (RG) analysis. Assuming the pertur-
bations are small (weak disorder) so that the suppression is
not complete, the Majorana Kramers pairs will still be stabi-
lized (even though stronger electron-electron interactions are
then required), and our conclusions remain qualitatively un-
changed.
II. Wave functions of the Majorana Kramers pair
In this Section we give the bulk spectrum of the single-
particle Hamiltonian H(r) in Eq. (5), and the corresponding
wave functions of the Majorana Kramers pair localized at the
boundary r = 0. Upon replacement −i∂r → k in H(r) and
diagonalization, we find the two-fold degenerate bulk spec-
trum
E
(±,±)
bulk (k) =±
[
~
2v2Fk
2 +
(
∆+ ±
√
∆2− +∆2c
)2]1/2
,
(S8)
which has a gap at k = 0. To be specific, we define the bulk
gap as
∆b ≡ E(+,−)bulk (k = 0)− E(−,−)bulk (k = 0)
= 2
(
∆+ −
√
∆2− +∆2c
)
. (S9)
Assuming∆1, ∆2 > 0, the sign of∆b is given by the sign of
∆1∆2 −∆2c , (S10)
indicating that the bulk gap∆b changes it sign when the local
and crossed Andreev pairings reverse their relative strengths.
We remark that, for∆1 and∆2 with general signs, ∆b can
reverse its sign without involving the crossed Andreev pair-
ing. It can be demonstrated by setting ∆c = 0 in Eq. (S9).
In this case, ∆b becomes negative when the signs of ∆1 and
∆2 are opposite (π-junction). In our setup, the phase of ∆1
and∆2 is the same, as they both stem from a single parent su-
perconductor. An interesting scenario of a π-junction[S2–S8]
would require a different setup. In the main text, we therefore
focus on the case where∆1 and∆2 are both positive.
We now turn to the wave functions of the Majorana
Kramers pair. When ∆2c > ∆1∆2, we find that a Kramers
pair of Majorana bound states emerges at the boundary r =
0, with the wave functions ΦMF,1 and ΦMF,2. In the ba-
sis of Ψ = (R1, L1, R2, L2, R
†
1, L
†
1, R
†
2, L
†
2)
T, we have
ΦMF,1(r) = Φ>(r)Θ(r) + Φ<(r)Θ(−r), with the step func-
tion Θ(r) and
Φ>(r) =e
−κr × (iη,−η,−i, 1,−iη,−η, i, 1)T, (S11a)
Φ<(r) =(iηe
κ1r,−ηeκ1r,−ieκ2r, eκ2r,
− iηeκ1r,−ηeκ1r, ieκ2r, eκ2r)T, (S11b)
where the normalization constants of Φ>(r) and Φ<(r) were
omitted, and
η =
√
∆2− +∆2c −∆−
∆c
, (S12a)
κ =
√
∆2− +∆2c −∆+
~vF
, (S12b)
κn =
∆n
~vF
for n ∈ {1, 2}. (S12c)
The localization length of the Majorana bound states is thus
given by
ξloc =
1
min(κ, κ1, κ2)
, (S13)
3which is estimated in Sec. IV. The second Majorana wave
function is related to its Kramers partner by ΦMF,2 =
T ΦMF,1 with the time-reversal operator T = iσyK and the
complex conjugate operatorK. We note that the twoMajorana
wave functions also satisfy the relation ΦMF,1 = −T ΦMF,2,
such that T 2 = −1, as required for spin-1/2 particles. One
can check that ΦMF,1 and ΦMF,2 are orthogonal, as guaran-
teed by the Kramers degeneracy theorem. Therefore, even
though they are not spatially separated, they do not hybridize
into an ordinary fermion as long as time-reversal symmetry is
preserved.
III. Effects of the intra-/inter-hinge coupling and the spin-orbit
interactions
In this Section we discuss the effects of the intra-hinge and
inter-hinge couplings, as well as the spin-orbit interactions. In
addition to the pairing processes discussed in the main text,
the single-particle intra-hinge (inter-hinge) coupling can also
arise from the second-order spin-conserving (co-)tunneling
processes within (between) hinges 1 and 2. We note that the
effects of similar processes have been discussed in nonhelical
systems [S9, S10] and in the helical edge channels of two-
dimensional topological insulators [S11, S12].
To proceed, we incorporate the following terms
Hδµ = −δµ
∑
n=1,2
∑
σ=↑,↓
∫
dr ψ†n,σ(r)ψn,σ(r), (S14)
HΓ = −Γ
∑
σ=↑,↓
∫
dr
[
ψ†1,σ(r)ψ2,σ(r) + H.c.
]
, (S15)
into the single-particle Hamiltonian given in the main text. To
be explicit, we replace the Hamiltonian density [Eq. (5) in the
main text] with
H → H− δµ ηzτ0σ0 − Γ ηzτxσ0 (S16)
with the Pauli matrices defined as in the main text. The ef-
fective couplings δµ and Γ are of the second order in the tun-
nel coupling between the hinges and the superconductor. The
derivations of the explicit forms of δµ and Γ can be nontriv-
ial [S9, S10]. Instead of aiming at the derivation, we treat
them as effective parameters, and show that they do not affect
the topological criterion.
The bulk spectrum of the full Hamiltonian [with the Hamil-
tonian density in Eq. (S16)] is given by ±E(η,±)b (k), with
E
(η,±)
b (k) =
[
ξ2η(k) + ∆
2
1 +∆
2
c + Γ
2
± 2
∣∣ξη(k)Γ + η∆1∆c∣∣]1/2, (S17)
where we define ξη(k) ≡ ~vFk + ηδµ with η ∈ {+,−}
and set ∆1 = ∆2 for simplicity. We note that the bulk
spectrum remains two-fold degenerate at the time-reversal-
invariant momentum k = 0. From the above equation, we see
that, for general Γ and δµ, the band-touching points shift from
k = 0 to the points associated with ξ2η(k) = Γ
2. Important
for us, however, the system gap remains to be |∆c −∆1| (as-
suming ∆1, ∆c > 0), indicating the same gap closing point
and therefore the same phase transition point in the parameter
space
∆c = ∆1, (S18)
as in the limit of Γ = δµ = 0. As a consequence, the nonzero
Γ and δµ do not lead to the system gap closing or reopening,
so that the Majorana Kramers pairs in the ∆c > ∆1 regime
are robust against the intra-hinge and inter-hinge couplings as
long as the pairing gaps∆n are not drastically different.
Furthermore, it was shown in Ref. [S11] that when the
electron-electron interactions are taken into account, the
crossed Andreev pairing is the most relevant term in the RG
sense (justified by the scaling dimension). As a result, the
additional tunneling processes are less important than the
crossed Andreev pairing, and can be safely neglected in inter-
acting systems. To conclude, while the intra-hinge and inter-
hinge couplings alter the bulk spectrum, they do not destabi-
lize the Majorana Kramers pairs.
Finally, it may be interesting to examine the effects of the
spin-orbit interactions arising from, say, substrates or gate-
induced electric field. In principle, these Rashba-type spin-
orbit interactions may affect the spins of the hinge states,
similarly to edges states of two-dimensional topological in-
sulators [S13]. While the detailed analysis on their effects is
beyond the scope of this work, we make two remarks here.
First, as mentioned in the main text, due to its self-tuned na-
ture, our setup does not require local gates, thereby minimiz-
ing the Rashba-type spin-orbit interactions. Second, since the
spin-orbit interactions respect time-reversal symmetry, there
are still Kramers partners of the hinge states. Consequently,
the spin states of the left- and right-movers in a given hinge
remain strictly orthogonal, so the pairing processes are not
affected by the spin-orbit interactions. Concluding, the pres-
ence of either the intra-/inter-hinge coupling or the spin-orbit
interactions does not alter our conclusions.
IV. RG analysis from the effective Hamiltonian method
In this Section we outline our RG analysis using the effec-
tive Hamiltonian method. First, we introduce the boson fields
θn and φn used to bosonize the Hamiltonian in an interact-
ing system. They are related to the fermion fields Rn and Ln
through (with the hinge index n ∈ {1, 2}) [S14, S15]
Rn(r) =
UR√
2πa
ei[−φn(r)+θn(r)], (S19a)
Ln(r) =
UL√
2πa
ei[φn(r)+θn(r)], (S19b)
where UR and UL are the Klein factors, and a is the short-
distance cutoff, taken to be the transverse decay length of the
4hinge states. The formulas (S19) are used to derive Eqs. (7),
(8), and (9) in the main text.
Next, we present the RG flow equations derived from the
effective Hamiltonian method [see Eqs. (7), (8), and (9) in the
main text]. Since Eq. (9) contains the fields φn while Eq. (8)
contains their conjugate fields θn, the two types of pairing
processes compete with each other [S16]. We then expect that
their relative strength varies with the interaction strength, as
we demonstrate below.
To this end, we construct the RG flow equations by
computing the correlation function, and changing the cut-
off a → a(l) = a(0)el with the dimensionless scale l =
ln[a(l)/a(0)] [S16]. We obtain
d∆˜1(l)
dl
=
[
2− 1
K1(l)
]
∆˜1(l), (S20a)
d∆˜2(l)
dl
=
[
2− 1
K2(l)
]
∆˜2(l), (S20b)
d∆˜c(l)
dl
=
[
2− 1
4
(
K1(l) +K2(l) +
1
K1(l)
+
1
K2(l)
)]
×∆˜c(l), (S20c)
dK1(l)
dl
= ∆˜21(l) +
1
2
[
1−K21 (l)
]
∆˜2c(l), (S20d)
dK2(l)
dl
= ∆˜22(l) +
1
2
[
1−K22 (l)
]
∆˜2c(l), (S20e)
where the dimensionless coupling constants are given by
∆˜1(l) =
∆1(l)a(l)
~u1
, (S21a)
∆˜2(l) =
∆2(l)a(l)
~u2
, (S21b)
∆˜c(l) =
∆c(l)a(l)
~
√
u1u2
. (S21c)
Several remarks on Eqs. (S20) are in order. First, both types
of dimensionful pairing gaps ∆n and ∆c are suppressed by
a repulsive interaction Kn(0) < 1. Second, due to the dif-
ferent scaling dimensions of the cosine terms in Eqs. (8)–(9),
the local pairing gap is suppressed more significantly than the
crossed Andreev pairing. Therefore, the repulsive interaction
favors the nonlocal pairing process, similarly as in nonheli-
cal nanowires [S17]. Third, from Eqs. (S20), we see that, for
K1(0) = K2(0) < 2 −
√
3 ≈ 0.27, both ∆˜1,2 and ∆˜c are
irrelevant in the RG sense. Namely, both of the gaps flow to
zero, so the hinge states remain non-superconducting in the
presence of a very strong electron-electron interaction.
The RG flow equations Eqs. (S20) are numerically solved
using the initial conditions,
∆˜1(0) ≡ ∆˜1(l = 0) = ∆˜2(l = 0), (S22a)
∆˜c(0) ≡ ∆˜c(l = 0), (S22b)
K1(0) ≡ K1(l = 0) = K2(l = 0). (S22c)
The RG flow is stopped whenever any of the dimensionless
coupling constants becomes unity, including also the interac-
tion parametersKn and the dimensionless system size a(l)/L
with the hinge length L. The main results of the numerical
calculation are presented in Figs. 3 and 4, and discussed in
the main text. Moreover, the renormalized values of the pair-
ing gaps allow us to obtain the localization length. Using
Eq. (S13) and the initial parameters K1(0) = K2(0) = 0.6–
0.7, ∆˜1(0) = ∆˜2(0) = 0.03, ∆˜c(0) = 0.01, and a(0) =
5 nm, we get ξloc = 19–21 nm, which is much shorter than
the hinge length L ∼ O(µm), and justifies that the Majorana
bound states located at r = 0 and r = L do not overlap.
In comparison with nonhelical (spin-degenerate)
nanowires [S17], our setup requires weaker interactions
for Majorana Kramers pairs. This quantitative difference be-
tween the nonhelical and helical channels can be understood
as discussed in Refs. [S14, S15]. Namely, in a nonhelical
system, the effects of the electron-electron interactions are
“averaged” over the charge and (noninteracting) spin sectors,
and thus weakened compared to a helical one. Consequently,
it requires stronger interactions in the charge sector of a
nonhelical channel to drive the system into the regime hosting
Majorana Kramers pairs. It suggests that the helical hinge
states of higher-order topological insulators offer a promising
platform for topological superconductivity without magnetic
fields.
V. Source-term approach using a microscopic model
In this Section we present the RG flow equations and phase
diagram obtained from the source-term approach [S17, S18],
supplementary to the effective Hamiltonian method presented
in the main text. We assume a weak tunnel coupling be-
tween the hinge states and a proximity BCS superconductor,
described by the tunnel Hamiltonian
HT =
∑
n=1,2
∫
drdR
{
t′n(r,R)
[
R†n(r)ψs,↓(R)
+L†n(r)ψs,↑(R)
]
+H.c.
}
. (S23)
Here,R is the three-dimensional coordinate in the bulk of the
superconductor, and ψs,σ is the annihilation operator with spin
σ in the superconductor. We take the tunnel amplitude t′n to
be in the form of the three-dimensional delta function,
t′n(r,R) ≡ tnδ(Rz − r)δ(Rx − dn)δ(Ry), (S24a)
with d1 = d/2 and d2 = −d/2, where d is the distance be-
tween the two hinges. The BCS Hamiltonian describing the
superconductor is given by
HBCS =
∑
k,σ=↑,↓
~
2(k2 − k2F s)
2me
ψ†s,σ(k)ψs,σ(k)
+∆s
∑
k
ψs,↑(k)ψs,↓(−k) + H.c., (S25)
with the electron mass me, the BCS pairing gap ∆s, and the
Fermi wave number kF,s of the superconductor in its normal
phase.
5To proceed, we first integrate out the field ψs,σ in HBCS +
HT to obtain the effective action [S9], and then construct the
RG flow equations following Refs. [S16–S18]. The result is
summarized as follows,
dt˜1(l)
dl
=
[
2− 1
4
(
K1(l) +
1
K1(l)
)]
t˜1(l), (S26a)
dt˜2(l)
dl
=
[
2− 1
4
(
K2(l) +
1
K2(l)
)]
t˜2(l), (S26b)
d∆˜1(l)
dl
=
[
2− 1
K1(l)
]
∆˜1(l) + S1(l)t˜
2
1(l), (S26c)
d∆˜2(l)
dl
=
[
2− 1
K2(l)
]
∆˜2(l) + S2(l)t˜
2
2(l), (S26d)
d∆˜c(l)
dl
=
[
2− 1
4
(
K1(l) +K2(l) +
1
K1(l)
+
1
K2(l)
)]
×∆˜c(l) + Sc(l)t˜1(l)t˜2(l), (S26e)
dK1(l)
dl
= ∆˜21(l) +
1
2
[
1−K21 (l)
]
∆˜2c(l), (S26f)
dK2(l)
dl
= ∆˜22(l) +
1
2
[
1−K22 (l)
]
∆˜2c(l), (S26g)
where the dimensionless coupling constants for the pairing
gaps are given in Eqs. (S21), and the dimensionless tunnel
amplitude is given by
t˜n(l) = tn(l)
√
a3(l)
~2u2nξ
2
sL
, (S27)
with the hinge length L and the superconducting coherence
length ξs. The coefficients of the source terms are given by
Sn(l) =
mev
2
F sL
2π∆sa(l)
K0
(∆sa(l)
~un
)
, (S28a)
Sc(l) =
mev
2
F sL
2π∆sd
e−d/ξs |sin(kF sd)|
×I0
( ∆sa(l)
2~
√
u1u2
)
K0
( ∆sa(l)
2~
√
u1u2
)
, (S28b)
with the modified Bessel function of the first- (second-)kind,
I0(x) [K0(x)]. The behavior of Eqs. (S28) is discussed in
Ref. [S17], so not repeated here. Rather, we point out that
the source terms naturally include the effects of the coher-
ence length and the distance d between the hinges. Namely,
due to the factor e−d/ξs | sin(kF sd)|ξs/d, the strength of the
crossed Andreev pairing is reduced when the distance d in-
creases [S9]. In contrast, in the effective Hamiltonian model,
such a dependence is not explicitly included, and has to be
incorporated by setting an initial ratio ∆c(0)/∆1(0) < 1.
Nonetheless, as demonstrated below, our numerical calcula-
tion show that such a reduction is modest for a small ratio of
d/ξs, so that the crossed Andreev pairing can eventually dom-
inate over the local pairing in the presence of interactions.
The RG flow equations in Eqs. (S26) are numerically solved
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FIG. S2. A phase diagram obtained from the source-term approach,
by solving the RG flow equations in Eqs. (S26). Here we define
∆t0 ≡ t˜
2
1(0)S1(0)~u1/a(0), and take the following parameters:
u1 = u2 = 10
5 m/s, a(0) = 5 nm, L = 1 µm, ∆s = 0.35 meV,
kF s = 10
10 m−1, and d = 50 nm. As in Fig. 4 in the main text, the
green (yellow) region specifies the phase with (without) a Majorana
Kramers pair. In the red region, the renormalized values of both ∆˜c
and ∆˜1 are less than 0.1.
for the following initial parameter values
t˜1(0) ≡ t˜1(l = 0) = t˜2(l = 0), (S29a)
K1(0) ≡ K1(l = 0) = K2(l = 0), (S29b)
S1(0) ≡ S1(l = 0) = S2(l = 0), (S29c)
Sc(0) ≡ Sc(l = 0), (S29d)
∆˜1(l = 0) = ∆˜2(l = 0) = 0, (S29e)
∆˜c(0) = ∆˜c(l = 0) = 0. (S29f)
This means that the initial values of the pairing gaps are
set to zero. Under the RG flow, the pairing gaps are in-
duced by the source terms arising from the tunnel Hamilto-
nian [see Eq. (S23)]. We obtain the phase diagram by solving
Eqs. (S26) with the initial parameters [see Eqs. (S29)] in the
regimeK1(0) ∈ [0, 1] and∆t0/∆s ∈ [0.1, 1], as displayed in
Fig. S2. The result is qualitatively similar to the one obtained
from the effective Hamiltonian method. Crucially, the result
demonstrates that, when the distance between the hinges is
d = 50 nm, the Majorana Kramers pair is stabilized in a wide
region of the parameter space. In addition, we checked the
phase diagrams for d = 100 nm and 200 nm (not shown),
and found no qualitative differences among these values of d.
Quantitatively, the green region where the Majorana Kramers
pair is present becomes smaller for a larger separation d, as
expected.
6ΕΕ0 = 10
ΕΕ0 = 20
ΕΕ0 = 30
2 4 6 8 100.2
0.4
0.6
0.8
1
dsc  a
K
1
FIG. S3. Interaction parameter (K1) as a function of the ratio of the
screening length to the hinge-state transverse decay length (dsc/a).
The legend denotes various values of the relative permittivity, which
is the ratio of dielectric constant (ǫ) to its value in vacuum (ǫ0). The
interaction parameter is computed using Eq. (S30) with the parame-
ter vF = 10
5 m/s.
As a side remark, in the small K1(0) (strongly interacting)
regime, the gaps do not flow to exact zero. This is due to the
source terms contained in Eqs. (S26). As mentioned above,
in contrast to Eqs. (S20), these source terms contribute to the
flow equations for ∆˜n and ∆˜c in Eqs. (S26). Therefore, in the
presence of a strong interaction, the RG flows of these param-
eters are stopped by the hinge length of O(µm) before going
to zero, leading to tiny but finite gaps. In plotting Fig. S2,
we therefore label the region in which both the renormalized
gaps ∆˜c and ∆˜1 are less than 0.1 as the “small pairing gaps”
region (marked in red color). This region then corresponds
to the normal phase (no pairing) in Fig. 4. In conclusion, the
source-term approach confirms the results presented in Fig. 4
in the main text.
VI. Feasibility of the proposed scheme
In this Section we examine the feasibility of our pro-
posal. Taking the first experimentally confirmed material of
higher-order topological insulators–bismuth (111) nanostruc-
tures [S1]–as an example, we estimate the initial values of
the RG parameters for the effective Hamiltonian method pre-
sented in the main text, including the interaction parameterK1
and the bare gap ratio ∆1(0)/∆c(0). Then, we discuss suit-
able materials for the superconductor used for the proximity
effect.
We first estimate the interaction parameter K1 by modify-
ing the formula for the helical edge states of two-dimensional
topological insulators [S19]
K1 =
[
1 +
2e2
π2ǫ~vF
ln
(dsc
a
)]−1/2
, (S30)
with the Fermi velocity vF and the transverse decay length
Ds = 0.1 meV, a = 1 nm
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FIG. S4. Bare gap ratio (∆1/∆c) as a function of the ratio of the
inter-hinge separation to the decay length (d/a). The legend lists
various values of the superconducting gap (∆s) and the hinge-state
transverse decay length (a). The bare gap ratio is estimated using
Eq. (S31) with ξs = ~vFs/∆s. The adopted values of the other
parameters are vF = 10
5 m/s and vFs = 10
6 m/s, which gives the
value ξs = 1.9 µm for∆s = 0.35 meV.
a of the hinge states. In the above, ǫ is the dielectric con-
stant of the material, and dsc is the screening length. We take
vF = 10
5 m/s using the relation∆ = ~vF /a, where the finite-
size-induced gap ∆ ∼ O(0.1 eV) is obtained from band-
structure calculations for Bi(111) bilayer films [S20, S21], and
the transverse decay length a ∼ 1 nm is extracted from the
current-phase relation in asymmetric SQUID experiment [S1].
Even though Bi bulk is a semimetal, we are interested in a
Bi nanowire gapped by the finite-size effect. To estimate its
dielectric constant, we take several values typical for semi-
conductors. The screening length dsc depends on the exper-
imental conditions, so we take it as a variable in the range
dsc/a ∈ [1, 10] (we note that a larger dsc will make the inter-
action parameter even smaller).
The estimated value of the interaction parameter is plot-
ted in Fig. S3, which shows that the estimated K1 value is
typically below 0.6. We remark that the extracted value of
a ∼ 1 nm [S1] indicates quite narrow one-dimensional con-
ducting channels along the hinges. Concluding, the estimated
value of the interaction parameter K1 indicates rather strong
electron-electron interactions in the hinge states due to the
strong spatial confinements.
Next, we estimate the bare gap ratio using the initial values
of the source terms in Eqs. (S28), which generate the pairing
gaps under the RG flow and therefore give the initial values
of the gaps. Upon approximating the fast oscillating factor
| sin(kFsd)| ≈ 1 and the velocities u1 ≈ u2 ≈ vF , we get
∆1
∆c
≈ d
a
ed/ξsK0
(
∆sa
~vF
)
K0
(
∆sa
2~vF
)
I0
(
∆sa
2~vF
) , (S31)
which depends crucially on the ratio d/a of the inter-hinge
separation to the transverse decay length a = a(0). To avoid
7possible confusion, in the left-hand side of Eq. (S31), we use
the overbar notations ∆1 and ∆c to refer to the initial values
for the effective Hamiltonian method presented in Sec. IV. In
the right-hand side, on the other hand, we keep the same nota-
tions used for the source-term approach in Eqs. (S28) given in
Sec. V. For relevant parameters, we have d/ξs ≪ 1 so that the
bare gap ratio grows approximately linearly with the ratio d/a.
In Fig. S4, we therefore plot the bare gap ratio as a function of
d/a for various∆s and a values. On top of the approximately
linear dependence on d/a, the bare gap ratio depends weakly
on the pairing gap of the parent superconductor ∆s and the
decay length a. Importantly, in the relevant ranges of the pa-
rameters∆s ∈ [0.1meV, 1meV] and a ∈ [1 nm, 10 nm], the
typical value of ∆1/∆c (i.e. the initial values ∆1(0)/∆c(0)
for the effective Hamiltonian method) is in the order of unity,
which is compatible with the parameters adopted in our RG
analysis.
Finally, we comment on suitable materials for the parent
superconductor used for the proximity effect. The phase di-
agram predicted with the source-term approach (see Fig. S2)
indicates that Majorana Kramers pairs can be achieved using
higher-order topological insulators with the inter-hinge sep-
aration d ∼ O(10–100 nm) in the proximity of a supercon-
ductor with the gap ∆s ∼ O(0.1 meV) and the coherence
length ξs ∼ O(1 µm). These material parameters suggest that
aluminum is a suitable material for the parent superconductor
(due to its long coherence length). We remark that the ob-
served ballistic supercurrent with nearly perfect transmission
indicates good contacts between the hinge states and a super-
conductor [S1, S22], suggesting that bismuth nanowires offer
a suitable platform for proximity-induced superconductivity.
In summary, together with the phase diagram presented in
the main text (see Fig. 4), we conclude that Bi nanowires in
the proximity of an aluminum superconductor offer a suitable
platform for stabilizing Majorana Kramers pairs. We stress
that the proposed scheme can be implemented in other higher-
order topological insulators hosting helical hinge states, and is
not restricted to the specific material. We hope that this work
can stimulate studies searching for other promising materials
for realization of Majorana Kramers pairs. Given the recent
rapid progress on the hunting of topological materials [S23],
we are optimistic that our proposal can be realized in the near
future.
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